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The density oscillator is a simple system that exhibits self-sustained oscillation. It alternately exhibits up and
down flow through a pipe which connects two containers filled with fluids of different densities. However, the
mechanism of the flow reversal has not yet been fully understood. From the detailed measurements, we have
found that flow reversal begins with an intrusion of fluid, which is followed by rapid growth. This process is
definitely sensitive to the viscosities of the fluids, and as a consequence, the critical heights leading to flow
reversal are clearly viscosity dependent. These experimental results are explained by a simple model, derived
by considering forces acting on a unit volume element located at the tip of the intrusion. Using this model, we
can successfully explain the mechanism of flow reversal, which is the most essential process in a density
oscillator.
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I. INTRODUCTION

Self-sustained oscillation is an extremely important phe-
nomenon in nature and has been extensively studied from
physical, chemical, biological, and technological viewpoints.
Neural spiking, circadian rhythms, gene expression,
Belousov-Zhabotinsky reaction, and Josephson junction ar-
rays are some well-known examples �1–6�. A self-oscillatory
system draws a limit cycle in phase space and exhibits a
wide variety of behaviors, such as the bifurcation of oscilla-
tory modes and entrainment between oscillators, which
causes various types of synchronization �7,8�. In particular,
when the limit cycle is characterized by more than two dif-
ferent time scales, the oscillator is called a “relaxation-type
oscillator,” and it is known to be highly nonlinear and dissi-
pative �8,9�.

The density oscillator is a typical example of a relaxation-
type oscillator �10–20�. Because of the simplicity in its ex-
perimental setup, it provides an excellent way to investigate
the essential mechanism of relaxation-type oscillation. The
density oscillator usually consists of an inner container with
a thin pipe attached at the bottom, which is held within an
outer container. The inner container is filled with heavy fluid,
while the outer container is filled with light fluid. When the
surfaces of both fluids are initially set at nearly the same
height, the heavy fluid starts to flow downward through the
pipe, owing to the gradient of hydrostatic pressure. At a criti-
cal height, the flow loses stability and flow reversal occurs,
which causes the light fluid to flow upward through the pipe.
At another critical height, the flow loses stability again, caus-
ing flow reversal and leading the heavy fluid to flow down-
ward. In this way, the oscillation continues for more than
several tens of cycles.

A quantitative study of the density oscillator was per-
formed by Martin in 1970 �10�. He analyzed the up and
down flow inside the pipe according to Poiseuille’s law, and
showed that the experimental result was well explained by
his analysis. On this basis, Yoshikawa et al. derived a phe-

nomenological equation �11–13� and explained a wide vari-
ety of behaviors �11,12�. Later, Okamura et al. confirmed the
validity of this model with a simulation study �14�. Another
interesting topic related to the density oscillator is the en-
trainment among multiple oscillators, which is observed
when multiple inner containers are held within an outer con-
tainer �12,15–18�. Nakata et al. investigated the fluid-surface
dependence of the synchronization �15�, while Yoshikawa et
al. �12� and Miyakawa and Yamada �16� reported coupling
among 3 and 36 oscillators, respectively. Miyakawa and Ya-
mada also reported a system consisting of two oscillators
coupled with one another through the window of the parti-
tion wall �17�.

Although the phenomenological behavior of the density
oscillator has been extensively studied as described above,
the essential cause of the flow reversal has not been fully
discussed and has been considered to be due to Rayleigh-
Taylor instability �10�. However, the dynamical process of
the flow reversal cannot be understood in terms of Rayleigh-
Taylor instability, because Rayleigh-Taylor instability is only
applicable to a static interface between two fluids �21�. In
fact, the spatiotemporal dynamics during flow reversal are
much more complex and are known to proceed in the follow-
ing way �10,19,20�: In down to up flow, for instance, the
flow reversal initiates from an intrusion of light fluid along
the inner wall of the pipe. After some time, the intrusion
begins to grow rapidly and climbs to the upper end of the
pipe, and then the flow reverses completely �see Fig. 9�.
Steinbock et al. analyzed the stability of the down flow in-
side the pipe, and derived the critical height for the instabil-
ity of the flow �19�. The critical height thus obtained was in
good agreement with their experiment, when either the den-
sity of heavy fluid or the pipe length was varied. However,
they did not take into account the flow after it passes through
the pipe. In addition, the temporal evolution of the dynamical
behavior during the flow-reversal process was not consid-
ered, since the steady-state approximation was employed in
their analysis. Thus, the mechanism of the flow reversal is
still not completely understood.

From a hydrodynamic point of view, fluid dynamics in a
system consisting of two viscous fluids has been an intrigu-
ing problem �22,23�. Interestingly, the dynamics are known*takesik@fbs.osaka-u.ac.jp
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to be extremely sensitive to the viscosities of the fluids. One
of the well-known examples is Saffman-Taylor instability,
where an interface between two fluids tends to become un-
stable when less viscous fluid is forced into more viscous
fluid in a porous medium or a Hele-Shaw cell, while it re-
mains stable in the opposite case �22�.

Thus, it is strongly expected that even in a density oscil-
lator, the dynamical behavior inside a connecting pipe will
be largely affected by the viscosities of the fluids. Hence, the
study of viscosity-dependent phenomena is essential to fully
understanding the flow-reversal process and hence the fun-
damental mechanisms of the density oscillator. In the present
paper, we will show that the behavior of the flow reversal
and the critical heights at flow reversal are extremely sensi-
tive to the viscosities of the fluids. Finally, we will propose a
simple model to explain the mechanism involved.

II. THEORETICAL BACKGROUNDS

First, we will briefly review the theories proposed so far
to explain the phenomenon of density oscillation. Martin
�10� constructed a model to describe the time courses of up
and down flow in a density oscillator based on the Navier-
Stokes equation under the assumption that Poiseuille’s law is
operative inside the pipe. Each flow is then described by the
following equation:
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L with x, t, a, d, and Sin, the height of
the heavy fluid surface, the time, the radius of the pipe, the
pipe length, and the surface area of the inner container, re-
spectively, while 
L, �H, and �L are the density of the light
fluid, and the viscosities of the heavy and light fluids, respec-
tively �see Fig. 1�. The surface area of the outer container is
assumed to be sufficiently large compared with that of the
inner container. xde

�i� is the value of x at a hydrostatic equilib-
rium for a pipe filled with heavy fluid at the ith cycle, and
	
�i� is the difference in densities between the heavy and
light fluid at down flow of the ith cycle �24�, where the term
“cycle” is defined as a sequence of down and up flow. It is
noticed that Eqs. �1� and �2� have asymptotic values of X
=0 and 1, which correspond to hydrostatic equilibria for a
pipe filled completely with heavy and light fluids, respec-
tively. Actually, it has been experimentally confirmed that the
time courses during the up and down flow are well expressed

by Eqs. �1� and �2�. However, the oscillatory behavior cannot
be introduced into these equations, because the flow reversal,
i.e., switching between Eqs. �1� and �2�, is not taken into
account.

Yoshikawa et al. derived a simple relation for this system
by combining Eqs. �1� and �2� under an assumption of �H

	�L and by expanding it to the third order of Ẋ as follows
�11–13�:

Ẍ + C1Ẋ3 − C2Ẋ + 2X = 0, �3�

where C1, C2, and  are positive constants. Equation �3� has
become one of the most common qualitative descriptions of
oscillatory behaviors.

Although Eqs. �1�–�3� characterize the behaviors of the
density oscillator fairly well, the flow-reversal process is not
described explicitly either from a phenomenological or mi-
croscopic standpoint. On the contrary, Steinbock et al. fo-
cused on the flow-reversal process �19�. They analyzed the
stability of the down flow inside the pipe using a one-fluid
model in a two-dimensional geometry. Using fundamental
equations of hydrodynamics and the diffusion equation under
a steady-state approximation, they derived a simple equation
for the critical height of the heavy fluid surface xc, where the
instability of the down flow was considered to occur accord-
ing to the following relation:

xc − xde =
1

6

	



L + 	

d . �4�

Since xde does not depend on the viscosities of the fluids, the
critical height of the flow instability is essentially invariant
against the change of the viscosity. In the following sections,
we will show that it is extremely sensitive to the viscosities
of the fluids. Thus, the modification of the theoretical model
is inevitable.

III. EXPERIMENTAL PROCEDURES

The experimental setup is shown in Fig. 2. The density
oscillator employed here consisted of an inner and an outer

h
dx

2a

ρL+δρ(i), µH

ρL, µL

FIG. 1. Definition of the parameters. a and d are the radius and
length of a pipe, while x and h are the heights of the heavy and light
fluid surfaces, respectively. 
L is the density of the light fluid and
	
�i� is the difference in densities between the heavy and light fluids
at down flow of the ith cycle. �H and �L are the viscosities of the
heavy and light fluids, respectively.
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container, whose surface areas were 7.70�10−4 m2 and
5.34�10−2 m2, respectively. The surface area of the inner
container was sufficiently small compared with that of the
outer container. The heights of the inner and outer containers
were 0.15 and 0.32 m, respectively. A glass pipe whose in-
ternal diameter and length were 0.73 and 70 mm, respec-
tively, was fixed at the bottom of the inner container. The
inner container was filled with heavy fluid, and the outer
container with light fluid, both of which were mixtures of
water, one-propanol, and glycerin. By changing their compo-
sition, the viscosities of the fluids could be varied while
maintaining their densities, as shown in Fig. 3. The den-
sities of the heavy and light fluids were set to be con-
stant at �1.057±0.003��103 kg m−3 and �0.996±0.003�
�103 kg m−3, respectively, and hence the difference in den-
sities between the fluids was �0.061±0.004��103 kg m−3.
The viscosity of the solution was measured by an Ostwald
viscosimeter. In order to remove air bubbles, water mixed
into the fluids was boiled before use. At the beginning of the
experiments, we set the heights of the heavy and light fluid
surfaces to be nearly equal, so that the oscillation began with
down flow.

Throughout the experiments, the inner and outer contain-
ers were covered with an aluminum plate to prevent evapo-

ration. The height of the heavy fluid surface was monitored
by a laser displacement meter �Hokuyo, PDA-03KT�, while
the lower part of the glass pipe was observed simultaneously
by a stereomicroscope equipped with an Olympus DP70
digital camera. The interface of the two fluids was clearly
observed owing to the difference in their refractive indices.
The temperature of the experimental system was maintained
at 25.0±0.5 °C.

IV. EXPERIMENTAL RESULTS

First, we show the temporal evolution of the height of the
heavy fluid surface measured by the laser displacement
meter. Figure 4 shows the case where the viscosities of the
heavy and light fluids are not extremely high compared with
pure water. It is found that the fluid surface regularly moves
up and down in a range of 
2.5 mm within a period of

5000 s. The amplitude and period are kept almost constant
for at least ten cycles, while the average height shows a slow
but continuous increase. This is because the accumulation of
the light fluid into the inner container causes a periodic de-
crease in the density of the heavy fluid. As the number of

aluminum plate laser displacement meter

heavy fluid

pipe

light fluid

stereomicroscope

digital camera

FIG. 2. Experimental setup. The inner and outer containers are
filled with heavy and light fluids, respectively. A glass pipe is fixed
at the bottom of the inner container.

FIG. 3. The composition curve of one-propanol, glycerin, and
water to give a constant density of �a� 1.057�103 kg m−3 and �b�
0.996�103 kg m−3. The sum of the weights of the three composi-
tions is set to be unity.

xu0
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xd
(i)
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ith cycle
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(
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FIG. 4. Temporal evolution of the height of the heavy fluid
surface. Each branch for up and down flow is well fitted by
an exponential curve �dashed line�. 
L=0.997�103 kg m−3,
	
=0.062�103 kg m−3, �H=2.64�10−3 Pa s, and �L=1.98
�10−3 Pa s. The definition of the parameters for the ith cycle is also
shown. The dashed and dotted lines denote the height at which the
flow reverses from the ith up flow to the �i+1�th down flow and
from the ith down flow to the ith up flow. In the present graph, i
=2. The lower graph shows a magnified view of the upper graph at
the flow reversal from down to up flow. An arrow denotes the
height of the heavy fluid surface when the intrusion length becomes
1 mm.
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cycles increases, the amplitude and increasing rate of the
average height gradually decrease because of the reduction in
the average difference in densities, and finally, the oscillation
stops.

Next, let us turn our attention to each up and down flow.
It is found that the temporal evolution for each flow between
two adjacent flow reversals can be expressed by an exponen-
tial function. This is because the nonlinear terms propor-

tional to Ẋ2 and the inertia terms in Eqs. �1� and �2� are
negligible, since the coefficients of the viscous terms propor-

tional to Ẋ are more than 66 times as large as those of the
nonlinear and inertia terms, estimated using the following
parameters: �=4.62�10−3, �=1.71�102, �H=2.50
�10−6 m2 s−1, and �L=1.99�10−6 m2 s−1. Thus, Eqs. �1�
and �2� are solved analytically as

X = Cde−t/�d for
dX

d�
� 0 �5�

and

X = 1 − Cue−t/�u for
dX

d�
� 0, �6�

where �d=�Hr and �u=�Lr with r�8Sind / �a4g��, and Cd

and Cu are positive constants. In the present experimental
condition, �d and �u are estimated to be 1.97�103 s and
1.57�103 s, which are in good agreement with the experi-
mental results of 1.99�103 s and 1.58�103 s, respectively.

Now, we consider the difference between the asymptotic
values of the two adjacent exponential functions. As de-
scribed above, the asymptotic values for Eqs. �2� and �1�
correspond to the hydrostatic equilibria for a pipe filled with
light and heavy fluids, respectively. The heights of the heavy
fluid surfaces at these equilibria are derived from the follow-
ing simple hydrostatic balances under the assumption that
the average difference in densities of the fluids at the
asymptotic value of �i−1�th up flow is approximately 	
�i�:

�
L + 	
�i���xue
�i−1� − d� 	 
L�h − d� , �7�

�
L + 	
�i��xde
�i� = 
Lh , �8�

where h is the height of the light fluid surface in the outer
container measured from the lower end of the pipe, and xue

�i−1�

is the value of x at a hydrostatic equilibrium for a pipe filled
with light fluid at the �i−1�th cycle. Thus, the difference
between the up flow at the �i−1�th cycle and the down flow
at the ith cycle 	x�i� is derived as

	x�i� = xue
�i−1� − xde

�i� 	
	
�i�d


L + 	
�i� . �9�

In the present experimental condition, 	x becomes 4.09 mm
for 	
=0.062�103 kg m−3, where it is assumed that 	
 does
not vary significantly throughout several oscillation cycles.
From our experiment, the difference between the asymptotic
values for the up flow at the �i−1�th cycle and the down flow
at the ith cycle ��i� is found to be 4.10 mm, obtained by
averaging over four cycles from the second to the fifth,
which is also in good agreement with the theoretical expec-

tation of 	x. Thus, without the flow-reversal process, the
overall behavior of the density oscillator is quantitatively
describable using Eqs. �1� and �2�.

When the viscosity of the fluid is varied, the oscillatory
behavior changes drastically. Figure 5 shows examples of the
temporal evolutions in the case of extremely high viscosity
applied to the heavy or light fluid. As is expected, the time
constant of the exponential curve varies according to the vis-
cosity of the fluid, although the difference between the
asymptotic values for the exponential curves � is still almost
consistent with 	x, as shown in Fig. 6. Figure 7 shows the
time constants of the exponential curves fitted for the up and
down flow. The experimental results are also in fairly good
agreement with the theoretical values �u and �d obtained
from Eqs. �2� and �1�, although there is a slight systematic
deviation at high viscosity, which is thought to be caused by
the reduction in the viscosity of the high viscosity fluid due
to the inflow of the low viscosity fluid. Thus, even when the
viscosity of the light or heavy fluid is varied, each branch for
the up and down flow is well described by Eqs. �2� and �1�.

However, when we compare Fig. 5 with Fig. 4, we notice
that a drastic change occurs at the timing of the flow reversal.
In order to evaluate it quantitatively, we have defined the two
parameters sd and su as

(a)

(b) ( )

( )

(
)

(
)

FIG. 5. Temporal evolution of the height of the heavy fluid
surface, in the case of �a� 
L=0.997�103 kg m−3, 	
=0.060
�103 kg m−3, �H=8.59�10−3 Pa s, and �L=0.89�10−3 Pa s, and
�b� 
L=0.996�103 kg m−3, 	
=0.062�103 kg m−3, �H=2.66
�10−3 Pa s, and �L=14.18�10−3 Pa s. Each branch for up and
down flow is well fitted by an exponential curve �dashed line�.
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sd = � xd
�i� − xd0

�i�

xu0
�i−1� − xd0

�i� ,

su = � xu
�i−1� − xd0

�i�

xu0
�i−1� − xd0

�i� , �10�

where xd
�i� and xu

�i� are the heights of the heavy fluid surface at
the moments when the flow reverses from the ith down to the
ith up flow and from the ith up to the �i+1�th down flow,
respectively. xd0

�i� and xu0
�i� are the asymptotic values for the

exponential curves fitted to the ith down and up flow, respec-
tively �see Fig. 4�. In the present analysis, we have averaged
the data over four cycles from the second to the fifth in a
series of experiments. In fact, sd and su are expected to be
suitable parameters for qualifying the timing of the flow re-
versal over the entire process leading to the asymptotic equi-
librium, because xd0

�i� and xu0
�i−1� are thought to be almost con-

sistent with the hydrostatic equilibrium where the pipe filled

with heavy and light fluids xde
�i� and xue

�i−1�, respectively, with a
density difference of 	
�i�. Figure 8 shows the viscosity de-
pendence of sd and su when the viscosity of either the heavy
or light fluid is varied. It is clear that both sd and su increase
when the viscosity of the heavy fluid increases, but decrease
when that of the light fluid increases. These results cannot be
explained in terms of previous theories, in which the critical
heights do not depend on the viscosity �19�.

Thus, it becomes clear that the flow-reversal process is
significantly affected by the viscosity of the fluid. In order to
investigate this phenomenon in greater detail, we observed
the flow reversal from the down to up flow using a stereomi-
croscope. An example of the result is shown in Fig. 9. At
first, an intrusion of the light fluid into the pipe is observed
long before the actual moment of the flow reversal and it
grows upward rather slowly �Fig. 9�b��. When the intrusion
length measured from the bottom of the pipe becomes nearly
1 mm, it suddenly starts to grow rapidly �Figs. 9�c� and
9�d��, and finally, the flow reverses. It is surprising that the
temporal evolution of the effective flow volume through a
pipe and hence that of the height of the heavy fluid surface
still obey an exponential response during the gradual growth

(a)

(b)
( )

( )

FIG. 6. The ratio of � to 	x. The data are averaged over four
cycles from the second to the fifth. �a� �H is varied while �L is fixed
at 0.89�10−3 Pa s. �b� �L is varied while �H is fixed at
�2.63±0.03��10−3 Pa s. Although the viscosities of the fluids are
varied, � almost agrees with 	x.

(a)

(b)
( )

( )

(
)

(
)

FIG. 7. Time constants of the exponential curves fitted for each
down and up flow �filled circle and squares, respectively�. The data
are averaged over four cycles from the second to the fifth. �a� �H is
varied while �L is fixed at 0.89�10−3 Pa s. �b� �L is varied while
�H is fixed at �2.63±0.03��10−3 Pa s. The solid and dashed lines
indicate the theoretical lines for �d and �u, respectively.
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of the intrusion. Even after the intrusion starts to grow rap-
idly, the deviation from an exponential curve is negligibly
small, compared with the amplitude of the oscillation �see
Fig. 4�.

The above behavior is found to depend significantly on
the viscosity of the fluid. Figure 10 shows the temporal evo-
lution of the intrusion length when the viscosity of either
heavy or light fluid is varied. Here, we set the origin of time
to be at the very moment of the flow reversal and plot the
intrusion length against the time leading to the flow reversal.
For a large �H and small �L, the intrusion of the light fluid
persists an extremely long time before the flow reversal oc-
curs, and the growth rate during the rapid-growing process is
also relatively small, as shown in Fig. 10�a�. On the other
hand, for a large �L and small �H, the growth rate of the
intrusion is relatively large and essentially does not depend
on �L �Fig. 10�b��. However, in the latter case, it is observed

that the interface between the two fluids is somehow dis-
turbed at a certain intrusion length and its growth is thus
obstructed for some time, particularly at a large �L. A typical
example is shown in Fig. 11. In addition to the intrusion
length, its width within the pipe depends on the viscosity of
the fluids, as shown in Fig. 12. In general, the width is larger
for �H��L, while it is smaller for �H��L.

We characterize the viscosity-dependent behavior of the
intrusion by employing the following two quantities:

sda = � xda
�i� − xd0

�i�

xu0
�i−1� − xd0

�i� ,

sdb = � xdb
�i� − xd0

�i�

xu0
�i−1� − xd0

�i� , �11�

where xda
�i� and xdb

�i� are the heights of the heavy fluid surface at
the time when the intrusion lengths exceed 0.1 and 1 mm,
respectively. Because the intrusion begins to grow rapidly
when its length becomes nearly 1 mm, as shown in Fig. 10,
the two quantities sda and sdb roughly characterize the tim-
ings for the beginning of the intrusion and for the onset of its
rapid growth, respectively. With increasing �H, significant
increases in both sda and sdb are observed, which are more
remarkable than those of sd �Fig. 8�a��. Thus, the clear sign
of the flow reversal is expressed, which is more prominent
with increasing �H. On the other hand, with increasing �L,
the behaviors of sda and sdb are similar to those of sd �Fig.
8�b��. Thus, these newly introduced quantities characterize
the dynamics of the flow reversal fairly sensitively and then
clarify definitively the viscosity dependence of the density
oscillation.

� � �

� � �

� �

� �

FIG. 8. Viscosity dependence of su �filled up triangles�, sd �filled
down triangles�, sda �open squares�, and sdb �open circles�. The data
are averaged over four cycles from the second to the fifth. Simu-
lated results Yu �solid lines�, Yd �bold lines�, Yda �dashed lines�, and
Ydb �dotted lines� are also shown. �a� �H is varied while �L is fixed
at 0.89�10−3 Pa s. �b� �L is varied while �H is fixed at
�2.63±0.03��10−3 Pa s. The parameters of the simulation are as
follows: c=800 N m−3, k=4.00�104 m−1 s−1, �=1.82, �=0.30,

L=0.997�103 kg m−3, 	
=0.061�103 kg m−3, g=9.80 m s−2,
b2=8.76�105 m−1, and r=7.89�108 m−2 s2.

(a) (b) (c)

front view

side view

(a) (b) (c) (d)

FIG. 9. �Color online� Microscopic images of the intrusion in
the time course of down flow ��a�→ �b�→ �c�→ �d��. Upper and
lower images show the side and front views, respectively. An in-
trusion of light fluid is clearly seen �arrows�. Glucose solution
and water are used as the heavy and light fluids, respectively.

L=0.997�103 kg m−3, 	
=0.067�103 kg m−3, �H=1.42
�10−3 Pa s and �L=0.89�10−3 Pa s. Although the experimental
condition employed in this figure is slightly different from that em-
ployed in the text, the difference is not crucial, as the behavior
observed is almost identical.
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V. ANALYSES AND DISCUSSION

The viscosity dependence of the flow reversal observed
above is helpful in understanding the fundamental mecha-
nism of density oscillation. Unfortunately, an exact treatment
of flow stability is difficult owing to the complexity of the
flow within the pipe during the flow-reversal process. Thus, a
simple model describing the essential mechanism of the
flow-reversal process is required. In this section, we will pro-
pose the model for down to up flow by considering only
forces parallel to the pipe wall, which act on a unit volume
element located at the tip of the intrusion. Here, we consider
only the case where the pipe length is much larger than the
diameter and the nonlinear term in Eq. �1� is neglected, i.e.,
��i

1/2 /4�1. We will show at the end of this section that the
experimental result is quantitatively reproducible by this
model.

Now, let us consider the forces concerned with this phe-
nomenon separately. First, there should be a viscous drag

force F1 acting on the interface between the heavy and light
fluids. Actually, a definite interface between these two fluids
will not exist, since the viscosity of the fluid will vary con-
tinuously in space because of the miscible nature of the
heavy and light fluids. For convenience, however, we con-
sider that the mixed region consists of an extremely thin
volume element at an interface with a fluid having an appro-
priate viscosity. Since the viscosity of the fluid at the inter-
face �int may be somehow dependent on the viscosities of
the two fluids, for simplicity, we write �int= ��H+�L� /2. The
drag force F1 should depend both on the viscosity of the fluid
and on the velocity gradient at the interface, the latter of
which is in proportion to the difference between the velocity
of down flow and the growth rate of the intrusion. Thus, F1 is
described as

(a)

(b)
( )

( )

(
)

(
)

( )

( )

FIG. 10. Viscosity-dependent temporal evolution of the intru-
sion of light fluid. �a� �H is varied while �L is fixed at 0.89
�10−3 Pa s. �b� �L is varied while �H is fixed at �2.63±0.03�
�10−3 Pa s. Because of the limitation of the visual field under the
stereomicroscope, an intrusion length of more than 8 mm is not
observed. The dotted lines indicate 0.1 and 1 mm of intrusion
length. The inset in �b� shows an enlarged view. The obstruction of
the growth is observed at a large �L �shown as an arrow, see also
Fig. 11�. FIG. 11. �Color online� Front view of the disturbance of the

interface at a large �L. �H=2.66�10−3 Pa s and �L=14.18
�10−3 Pa s.
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F1 =
�H + �L

2
�b1Ẏ − b2�̇� , �12�

where b1 and b2 are positive constants. ��� /a denotes the
nondimensionalized intrusion length with � the intrusion
length measured from the bottom of the pipe. Y is defined
using xue

�i−1� and xde
�i�, values at two hydrostatic equilibria, as

Y �
�x − xde

�i��
�xue

�i−1� − xde
�i��

	
�
L + 	
�


L
X �13�

�see Fig. 13�, and thus, its derivative characterizes the veloc-
ity of the down flow. It is noticed that the intrusion must be
resisted not only by the viscous drag at the interface between
the fluids, but also by the pipe wall. Since we take the latter
effect into the second term on the right-hand side of Eq. �12�,
for simplicity, b1 and b2 are considered as independent pa-

rameters. Here, using Eq. �5�, Ẏ in Eq. �12� can be replaced
by −Y /�Hr, under the assumption that Eq. �1� holds until the
very moment of the flow reversal from the down to up flow.
This assumption is thought to be valid because the deviation
from an exponential curve in the height of the heavy fluid
surface is found to be sufficiently small as compared with the
amplitude of the oscillation until the flow reversal is com-
pleted. Thus, Eq. �12� is rewritten as

F1 = −
c��H + �L�

2

Y

�H
−

b2��H + �L�
2

�̇ , �14�

where c�b1�
L+	
� /r.
Second, there must be a gravitational force and the force

due to the gradient of hydrostatic pressure. We denote such

hydrostatic forces as F2. When the intrusion exists suffi-
ciently at the interior of the pipe, F2 will satisfy the relation

F2 = −
Pu − Pd

d
− 
Lg ,

where Pu and Pd denote the hydrostatic pressures at the up-
per and lower ends of the pipe, and the gradient of the hy-
drostatic pressure is assumed to be homogeneous inside the
pipe. Then, if we assume that Pu and Pd are simply derived
from the heights of the fluid surfaces as �
L+	
�g�x−d� and

Lgh, respectively, F2 becomes 	
g�1−Y�. On the other
hand, if the volume element of the light fluid exists outside
the pipe, it is obvious that the hydrostatic pressure gradient
balances the gravitational force. Hence, when there is no
intrusion ��=0�, the relation F2=0 should be automatically
satisfied. Since F2 is thought to be a continuous function of
�, it seems appropriate to describe F2 in the following way:

F2 = 	
g�1 − Y��1 − e−�/�� . �15�

The term �1−e−�/�� is introduced in order to connect F2

=	
g�1−Y� for ��� and F2=0 for �=0. Here, � charac-
terizes the spatial range where F2 takes a value between 0
and 	
g�1−Y�.

Third, we consider the effect of the acceleration of the
fluid outside the pipe. Let us arbitrarily consider two planes
inside and outside the pipe as PL1 and PL2, as shown in Fig.
14. We define the absolute values of the mean velocities of
the flows at PL1 and PL2 as V1 and V2, respectively, where

V1�−Ẏ �Y /�H is obtained from Eq. �5�. Since the heavy
fluid that has passed through the pipe is accelerated due to
the hydrostatic pressure gradient, the following relation is
expected to hold:

V2 = V1 + � , �16�

where � expresses the effect of the acceleration. The conti-
nuity condition naturally holds, which results in

1
1

0 0

Yu(i)

Yd(i)

Yuf(i)

YX ith cycle

FIG. 13. Definition of the parameters denoting the height of the
heavy fluid surface at the ith cycle. The dotted lines denote expo-
nential curves fitted for the up and down flows, and the dashed lines
denote their asymptotic values. The dashed and dotted lines denote
the heights when the flow reverses from up �down� to down �up�
flow.

(a) (b)

FIG. 12. �Color online� Front views of the intrusions during the
flow-reversal processes for �a� �H=18.02�10−3 Pa s and �L

=0.89�10−3 Pa s, and �b� �H=2.65�10−3 Pa s and �L=8.48
�10−3 Pa s. The width of the intrusion is larger in �a� than in �b�
�white arrow heads�.
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V1�a2 = V2S , �17�

where S denotes the cross section of the down flow at PL2.
When S is sufficiently small, it is expected that the intrusion
of the light fluid is enforced as a consequence, because the
contraction of the flow causes a detachment of the down flow
from the pipe wall. F3 is defined as the force due to this
enforcement. By substituting V1�Y /�H into Eqs. �16� and
�17�, we find that ��a2 /S−1���H /Y. Since F3 increases as S
decreases, F3 should increase as �H /Y increases. In addition,
F3 is also expected to be large when � is small. Therefore,
F3 is phenomenologically described as

F3 = ke−�/��H

Y
, �18�

where k is a positive constant. � expresses the spatial range
where the force works effectively. From Eqs. �14�, �15�, and
�18�, we can describe the total force F acting on the intrusion
as

F = F1 + F2 + F3 = f��� −
b2��H + �L��̇

2
, �19�

where

f��� � −
c��H + �L�

2

Y

�H
+ 	
g�1 − Y��1 − e−�/��

+ ke−�/��H

Y
. �20�

Let us consider the result of gradually decreasing Y. For
this purpose, we have performed a numerical simulation. The
equation of motion for a unit volume element located at the

tip of the intrusion 
L�̈=F is rewritten by using Eqs. �19� and
�20� as follows:


La�̈ = f��� −
b2��H + �L�

2
�̇ , �21�

with Y satisfying the relation

Ẏ = −
Y

�d
. �22�

Using Eqs. �20�–�22� under the initial condition of �=�̇
=0 at Y =Yc��2k /c�H /��H+�L, we obtain the simulated
data as shown in Fig. 15. The values of parameters �, �, b2,
c, and k have been chosen properly. In this figure, t is rede-
fined so that its origin agrees with the time when the intru-
sion reaches the upper end of the pipe �=��d /a, which
corresponds to the moment when the flow reverses com-
pletely. In the present experimental condition, we put �
=191.78. First, let us observe the general trend of the intru-
sion process. We can see clearly that the intrusion begins
long before the flow reversal and grows rather slowly. When

S
V2

V1

2a

PL1

PL2

FIG. 14. Schematic illustration of two planes PL1 and PL2,
which are vertical to the direction of the flow. PL1 crosses the pipe,
while PL2 is below but not too far from the lower end of the pipe.
S denotes the surface area of down flow at PL2. V1 and V2 are the
mean velocities of the down flow at PL1 and PL2, respectively.
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� � � � � � 	




� �

� � �

FIG. 15. The viscosity-dependent temporal evolution of the in-
trusion of light fluid calculated from Eqs. �20�–�22�. �a� �H is var-
ied while �L is fixed at 0.89�10−3 Pa s. Each curve corresponds to
�H=1.77, 5.11, 6.53, 9.06, 11.96, 14.30, and 18.02 ��10−3 Pa s�
from right to left, respectively. �b� �L is varied while �H is fixed at
2.63�10−3 Pa s. Each curve corresponds to �H=0.89, 1.47, 2.43,
4.36, 6.67, 11.05, and 14.18 ��10−3 Pa s� from right to left, respec-
tively. The dotted lines denote 0.1 and 1 mm of intrusion length.
The parameters employed are as follows: c=800 N m−3, k=4.00
�104 m−1 s−1, �=1.82, �=0.30, 
L=0.997�103 kg m−3, 	

=0.061�103 kg m−3, g=9.80 m s−2, b2=8.76�105 m−1, and r
=7.89�108 m−2 s2.
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the intrusion exceeds a certain extent, it suddenly starts to
grow rapidly, which agrees quite well with the experimental
result �Fig. 10�.

The above behavior is easily understandable considering
the Y-dependent functional form of f��� in Eq. �21�. Here, it
is noticed that Y is a slowly varying variable, as shown in
Eq. �22�. Figure 16 shows the Y dependence of f���. Look at
the case of �H=2.63�10−3 Pa s and �L=0.89�10−3 Pa s in
Fig. 16. In the case of Y �Yc, the intrusion does not occur
and � remains zero, because the relation f�0��0 clearly
holds �Fig. 16�a��. However, when Y becomes less than Yc,
f�0� becomes positive and the relation f���=0 leads to a
positive solution �0 with f���0��0; hence, �=�0 becomes
a stable solution of Eq. �21�. Thus, the light fluid begins to
intrude into a pipe �Fig. 16�b��. As Y decreases much more,
�0 increases gradually �Fig. 16�c�� and finally, the solution
of f���=0 vanishes, which leads to f����0 for all � �Fig.
16�d��. Thus, the intrusion becomes accelerated suddenly and
the damping term in Eq. �21� becomes balanced with f���,
which leads to �̇ being constant. Finally, the flow reverses
completely when the tip of the intrusion reaches the upper
end of the pipe ��=��.

The change in the viscosity of the fluid drastically alters
the temporal behavior. When �H is increased, while �L is
kept constant, the intrusion of the light fluid tends to last for
an extremely long time before the flow reversal occurs and
the growth rate in the rapid-growing region becomes rela-

tively small, as shown in Fig. 15�a�; this is in good agree-
ment with the experimental result �Fig. 10�a��. In the same
way as in the experiment, we have defined the parameters
Yda and Ydb as the values of Y when the intrusion length
becomes 0.1 and 1 mm, corresponding to �=0.27 and 2.74,
which characterize the timings for the beginning of the in-
trusion and the onset of its rapid growth, respectively. In
addition, we have defined Yd as the value of Y when �
becomes �, which characterizes the timing for the flow re-
versal. The calculated result is shown in Fig. 8. In spite of
the simplest model, Yda, Ydb, and Yd are surprisingly in good
agreement with the experimental results of sda, sdb, and sd.

When �L is increased, while �H is kept constant, overall
behaviors are reproduced fairly well. Namely, Yda, Ydb, and
Yd decrease as �L increases, and their values are nearly con-
sistent with the experimental results, as shown in Fig. 8�b�.
However, the simulated results �Fig. 15�b�� seem slightly dif-
ferent from the experimental results �Fig. 10�b�� in that the
growth rate of the intrusion is generally slower for large �L
in the simulation than that in the experiment.

Such viscosity dependence of Yda, Ydb, and Yd is easily
understood from Fig. 16. For large �H, f��� becomes rela-
tively large, especially for small �, which is mainly due to
the contribution of F3. Thus, the intrusion and hence the
onset of its rapid growth occur even when Y is still large. On
the other hand, for large �L, the value of f��� generally
becomes small because of the large contribution of F1.

Ξ

� �

� � �

� � �

� � �

Ξ

Ξ

Ξ

� � Ξ) � � 	 


� �



� �

�

� � Ξ) � � 	 


� �



� �

�

� � Ξ) � � 	 


� �



� �

�

� � Ξ) � � 	 


� �



� �

�

FIG. 16. f��� for various values of Y: �a� Y =0.55, �b� Y =0.38, �c� Y =0.32, and �d� Y =0.29. The solid lines indicate the case for �H

=2.63�10−3 Pa s and �L=0.89�10−3 Pa s, the dotted lines indicate the case for �H=10.00�10−3 Pa s and �L=0.89�10−3 Pa s, and the
dashed lines indicate the case for �H=2.63�10−3 Pa s and �L=5.00�10−3 Pa s. The parameters employed are as follows: c=800 N m−3,
k=4.00�104 m−1 s−1, �=1.82, �=0.30, 
L=0.997�103 kg m−3, 	
=0.061�103 kg m−3, and g=9.80 m s−2. The arrows denote the stable
solution of Eq. �20�, �=�0.
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Hence, the intrusion and the onset of its rapid growth occur,
when Y becomes sufficiently small.

Thus, the behavior of the flow reversal from down to up
flow is reproduced fairly well by the present model. In this
model, we have introduced the three forces present during
the flow-reversal process. Now we will show which force is
dominant among them. When �H and �L are O�1�
�10−3 Pa s and Y is not too small compared with unity, we
find from Eqs. �14�, �15�, and �18� that the contributions of
F1, F2, and F3 are characterized by the parameter values c,
	
g, and k�H, which are 800, 597.8, and 40�O�1� N m−3,
respectively. Thus, the contributions of F1 and F2 are of the
same order, and F1 is dominant at large Y, while F2 is domi-
nant at small Y. The contribution of F3 is small as compared
with F1 and F2 in this case. However, when the value of
�H /Y becomes much larger than O�1��10−3 Pa s, F3 be-
comes comparable to F1 and F2 and causes the intrusion.

The parameters � and � introduced phenomenologically
are keys to the dynamics of the flow-reversal process. They
characterize not only the region where the pressure gradient
is not simply derived from the height of the fluid surface, but
also the intrusion length where the onset of its rapid growth
occurs. Since the characteristic length of this region is
thought to be of the order of the pipe diameter, it is expected
that the values of � and � are O�1�. Actually, the values we
set to fit the experimental result, i.e., �=1.82 and �=0.30,
are within this order.

The flow reversal from up to down flow is considered in
the same manner �Appendix�, although the analysis becomes
somewhat complicated because the decrease in the density of
the heavy fluid due to inflow of the light fluid into the inner
container must be taken into account. The viscosity depen-
dence of Yu thus calculated is also shown in Fig. 8, where we
define the value of Y at the moment when the ith down flow
begins as Yu

�i� �see Fig. 13�. We can see that Yu is qualita-
tively in good agreement with the experimental value su,
although Yu is slightly larger than su for �H��L.

In the above experiment and analysis, we have shown that
the behavior of the flow reversal is well described by the
present model. Thus, it is clear that this model contains the
essential part of the flow-reversal process. Here, we com-
ment on several discrepancies found between the simulation
and the experiment. The first is the growth rate of the intru-
sion in the case of �L��H at the flow reversal from down to
up flow, in which the simulated data are somewhat slower
than in the experiment, with the result that Yd becomes
slightly smaller than sd. This is thought to be closely related
to the actual width of the intrusion within the pipe. As de-
scribed above, it is found experimentally that the width of
the intrusion is smaller for �L��H �Fig. 12�. As the width
becomes smaller, the resistance to the growth of the intrusion
tends to decrease, which enables the intrusion to grow more
rapidly. The reason for the relatively slow growth rate in the
simulation is thought to be due to the neglect of this effect.
The fact that Yu is slightly larger than su for �H��L is
considered in the same way for the opposite flow reversal.
However, the reason that the width depends on the viscosi-
ties of the fluids is not yet clear. The second discrepancy is
connected with the obstruction of the growth due to a distur-

bance of the interface �Fig. 11�, which is observed in the
experiment but is not reproduced in the simulation. This phe-
nomenon seems to be due to some kind of hydrodynamic
instability at the interface.

Finally, we will briefly mention some effects that possibly
relate to the flow-reversal process. First, the interfacial ten-
sion between the fluid and the pipe wall may affect the flow-
reversal process. Actually, when the proportions of water,
one-propanol, and glycerin are varied in the experiment, not
only the viscosity but also the interfacial tension varies.
However, from the present experiment and analysis, the main
cause for the change in the flow-reversal process is thought
to be due to the viscosity of the fluids, since we have con-
firmed that similar results for sd and su are obtainable even
when a pair of solutions such as glucose solution and water
are employed, in which methyl-cellulose is dissolved to
change the viscosity.

Second, the length and diameter of a pipe will relate to the
flow-reversal process. We have experimentally confirmed
that our model is valid even when the pipe length is varied as
far as it is sufficiently larger than the pipe diameter, i.e.,
��1, and also the nonlinear term in Eq. �1� is negligible.
Otherwise, our model no longer holds or needs to be modi-
fied, because it is expected that the flow inside the pipe tends
to lose its stability even by a slight intrusion when � is com-
parable to � and �. Additionally, the parameters c, b2, and k
will depend on the diameter of the pipe. Third, the density
difference between the heavy and light fluids will also affect
the flow-reversal process. We have experimentally observed
that the growth of the intrusion becomes slower as 	
 de-
creases, and that the temporal evolution of the heavy fluid
surface clearly deviates from an exponential curve during
each flow-reversal process when 	
 is extremely small.
Thus, further investigation is clearly needed.

From the above experiment and analysis, we have shown
that the flow-reversal process begins with an intrusion of the
fluid and is followed by its rapid growth. This process is
found to be definitely sensitive to the viscosities of the fluids,
although the previous study implied that the critical heights
do not depend on the viscosities of the fluids �19�. This is
because the force F3, which plays the role of the “trigger” of
the intrusion, depends on the viscosity of the fluid. More-
over, the viscous drag force F1 is directly connected to the
viscosity of the fluid at the interface �int and the velocity of
down �up� flow V1, both of which are clearly viscosity de-
pendent. Thus, the present model that takes account of the
viscosity dependence provides an absolutely important as-
pect of the flow reversal which has never been considered
before.

VI. SUMMARY

In conclusion, we have shown through detailed experi-
ments that the behavior of the flow reversal is definitely sen-
sitive to the viscosities of the fluids, and the experimental
results are well explained by a simple model that takes into
account the forces acting on a unit volume element located at
the tip of the intrusion. Although the previously reported
models described the behavior of oscillation phenomenologi-
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cally �11–13�, they did not explicitly take into account the
flow-reversal process, which is the most essential process in
the density oscillator and, thus, the fundamental mechanism
of the oscillation was not truly understood. We have clarified
the essential mechanism of the density oscillator by consid-
ering three forces acting on the intrusion into a pipe connect-
ing the light and heavy fluids. Thus, the approach from a
microscopic viewpoint will lead us to “truly” understand the
mechanisms of nonlinear dynamical systems.

APPENDIX

The temporal evolution of the intrusion during the flow
reversal from up to down flow is described in the same way
as Eqs. �20�–�22�:

�
L + 	
���¨ = f���� −
b2��H + �L�

2
��˙ , �A1�

f���� =
c��H + �L�

2

1 − X

�L
− 	
gX�1 − e��/�� − ke��/� �L

1 − X
,

�A2�

Ẋ =
1 − X

�u
. �A3�

Here, ��=�� /a and �� is defined as the intrusion length mea-
sured from the upper end of the pipe, where the upper direc-
tion is taken as positive. Hence, �� takes a negative value
when a heavy fluid intrudes. Further, under the assumption of
xue

�i−1�−xu
�i−1�=xue

�i�−xu
�i�, the following relation is derived:

Yuf
�i� − Yu

�i� =
xu

�i� − xu
�i−1�

	x�i� =
xue

�i� − xde
�i� − 	x�i�

	x�i� =
	
�i�


L
, �A4�

where Yuf
�i� denotes the value of Y when flow reverses from

the ith up flow to �i+1�th down flow �see Fig. 13�. Then,
since Yuf is derived numerically from Eqs. �A1�–�A3� by
using Eq. �13�, we can derive Yu using Eq. �A4�.
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